Within Wigner function formalism, the chiral anomaly arises naturally from the Dirac sea contribution in un-normalordered Wigner function. For massless fermions, the Dirac sea contribution behaves like a 4-dimensional or 3-dimensional Berry monopole in Euclidian momentum space, while for massive fermions, although Dirac sea still leads to the chiral anomaly but there is no Berry monopole at infrared momentum region. We discuss these points explicitly in a simple and concrete example.
Introduction
Under the background of the electromagnetic field, the axial vector current of a chiral fermion system is not conserved at the quantum level, which is called Adler-Bell-Jackiw anomaly or chiral anomaly. There are many methods to study this anomaly, such as Feynmann diagram, functional integral and so on. In recent years, there have been a considerable amount of work on the chiral kinetic theory which are devoted incorporating the chiral anomaly into the kinetic theory in a consistent way [1, 2, 3, 4, 5, 6, 7, 8, 9] . Among these publications, most works connect the chiral anomaly in the chiral kinetic theory with Berry monopole in momentum space.
It has been shown in [10] that the Dirac sea or vacuum contribution from the anti-commutation relations between antiparticle field operators in un-normal-ordered Wigner function plays a central role to generate chiral anomaly in quantum kinetic theory both for massive and for massless fermion systems. In this work, we will take a simple and concrete example to illustrate these points. In particular, we find that for massless fermion system, the chiral anomaly is associated with the singular 4-dimensional divergence ∂ µ [p µ δ ′ (p 2 )], which behaves like a 4-dimensional Berry monopole in Euclidian momentum space after Wick rotation, or like a 3-dimensional Berry monopole after integrating over the zero component of momentum. For massive fermion system, the chiral anomaly is associated with the 4-dimensional divergence ∂ µ [p µ δ ′ (p 2 − m 2 )]. However it does not give rise to the singularity like 4-dimensional or 3-dimensional Berry monopole at infrared momentum region.
The divergence of axial vector current from Wigner function approach
We will take the collisionless fermion system near equilibrium under static and homogenous electromagnetic fields as a simple and concrete example. We consider the massless fermion system first and then generalize the main results to massive case. Our starting point is the following covariant and gauge-invariant Wigner function for spin-1/2 fermion [11] ,
where · · · represents the ensemble average, Ψ(x) is the Dirac filed operator, α, β are Dirac spinor indices, and U(x + y/2, x − y/2) is a gauge link along a straight line from x − y/2 to x + y/2. The dynamical equation for W(x, p) is given by [11, 12, 13] ,
where
It should be noted that there is no normal ordering in the Wigner matrix above. This plays a central role to give rise to the chiral anomaly in the following. Since W(x, p) is a 4 × 4 matrix, we can decompose it by the 16 independent Γ-matrices,
The vector current J µ V (x) and axial vector current J µ A (x) can be expressed as the 4-momentum integration of V µ and A µ . We can expand V µ and A µ order by order in as
As mentioned above, we will consider the specific fermion system near equilibrium. Hence we choose the zeroth order solutions V µ (0) and A µ (0) as equilibrium distribution in free field theory [14, 15, 10] V µ
A µ
where Z n s , Z v are given by
Here n F (x) = 1/(e βx + 1) is the Fermi-Dirac distribution, β = 1/T is the inverse temperature, u µ is the fluid velocity, and µ s = µ+ sµ 5 with s = ±1 is the chemical potential for righthand/lefthand fermions respectively. For simplicity, we will assume that there is no vorticity in the system, i.e. the fluid velocity u µ is uniform. Note that Z v is the vacuum term or Dirac sea term which comes from the anticommutation of creation and annihilation operators of antifermions as described in [10, 16, 17] . This term is universal and does not depend on the specific distribution n F (x) at all. From the dynamical equation of Wigner function at order , one can obtain A µ (1) near equilibrium
whereF µν = 1 2 ǫ µνρσ F ρσ . The equation satisfied by A µ can be obtained from Eq. (2),
The 4-momentum integration of Eq. (11) gives
where C n , C v are defined as
All discussions above is for massless fermion system. For massive fermion case, it turns out that we can just set µ s = µ, µ 5 = 0 and change the on-shell condition in Eq. (13, 14) as δ ′ (p 2 ) → δ ′ (p 2 − m 2 ), and Eq. (12) becomes
where P is the pseudoscalar component of Wigner function in Eq. (3).
Chiral anomaly for massless fermion system
For massless fermion case, since Z n s vanish rapidly at infinity in the phase space, C n must be zero. However the Dirac sea term C v can keeps nonzero at p 0 = −∞ and could contribute non-zero value
We can calculate this integral by two methods. First we can use the regularization
followed by Wick rotation and obtain
where we have used the Gauss theorem in 4-dimensional momentum space or the identity ∂ µ (p µ E /p 4 E ) = 2π 2 δ 4 (p E ). It is obvious that p µ δ ′ (p 2 ) plays the role of the Berry curvature of a 4-dimensional monopole in Euclidean momentum space, which was pointed out in Ref. [4] .
We can also calculate the integral by brute force. After integrating over the zero component of momentum and keeping the non-vanishing term, we obtain
where we have used the Gauss theorem in 3-dimensional momentum space or the identity ∂ p · (p/2p 2 ) = 2πδ 3 (p). Herep/2p 2 is just the usual Berry curvature in 3-dimensional momentum space. For massless fermion system, we note that only vacuum or Dirac sea term contributes to the chiral anomaly in form of 4-dimensional or 3-dimensional Berry monopole.
Chiral anomaly for massive fermion system
For massive fermion system, it turns out that the coefficients C n , C v can be obtained by replacing the on-shell condition δ ′ (p 2 ) with δ ′ (p 2 − m 2 ). Similar to the massless fermion system, C n always vanishes for normal distribution, while C v is given by
Again we can calculate this integral by Wick rotation
or directly integrate over p 0
where we have used Gauss theorem in 4-dimensional and 3-dimensional momentum space, respectively. We can notice that there is no singular Berry curvature of a 4-dimensional or 3-dimensional monopole in Euclidean momentum space here due to the presence of finite mass. The chiral anomaly derived from Dirac sea contribution for massless or massive case is universal and independent of the phase space normal distribution function at zero momentum.
